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This module cohsiders ordinary linear dlfferentlal
equations with constant coefficients such as’ *
’ ' y" +y =106 '
g - 7y" +16y' - 12y = se3t,

\ - y = 3e + sin t. ‘

The standard procedure for flndlng the géeneral solutlon to

such equations involves two main steps.

a.” First find the general solution to the associated °

-homogeneous equatlon, tie resultlng solutlon is called

* the homogeneous or ngElﬂmﬁnLﬁLX_gnlgﬁlgn £0 the
or;glnal differential eqhation. For eguatlons with
constant qoefficiehts, the roots of -the associated
charactgristic polynomial may be used to find linearly
independent sglutions involvipg polynomlallfunctions,

. exponential functions and/or sine and cosine flnctions.

b. The second. step i5 to find Y particular §olut10m to the-

given equatlon. The metkods of yg;;g;;gn_gﬁ_ga;gmgtgg§
*and undetérm ggeﬁfxgzgnﬁ are most commonly used. .
_While the formef‘method 1s more generally appllcable,
the indefinite 1ntegtat10n 1nvolqu may present severe
or unconquerable difficulties. While the latter method
applies to a smaller class of equativons, it is someWhat
more tractable Peqause it involves dlﬁferentlatlng
elementary functlons and solving systems of linear,
'~ algebralc equatlons.
1.1 Purpose of this Module )

‘This module describes a third method for finding a
particular solution,.which ip gena;ai, involves complex,
arithmetic. Although the class of equations to which thiﬁ‘
method applies is smaller, it nonetheless contains
funotions that appear quite freguently. Furthermore,
belying its name "complex ‘method”, it is relatively s1mple
to uge. The ability to, evaluaté and differentiate
polynomials, and to manlpulate complex numbers
algebraically, is basically all that is required., The
method is. described in Sections 2, 3, and 4, . The ba51c
method used in all three sections is, the same, although

4

13

‘complex numbers’ appear only in Sections 3 and 4.

.The key idea’ of the méthod as 1t appears in‘Section 3,
namely, the solution technique which’ employs the
substitution of.a complex exponent1a1 function for a

sinosoidal function, is presented in Ordinary Differential

/

- strictly speaktgg, ‘it is.not a solution of Ea

is £(t)’

-

. M . " ’ N
Equations, by Garrett Birkhoff aad-Gian-Car}b‘Rota, third L
edition, Wiley, 1978, on pp. 70-73. It is alsp illustrated
in AQxan_sQ_Englngszlﬂg_mathgmat;ga, by Erwin Kreyszlg,
fourth edltlon, Wlley, 1979, on pp. 125-128. - )
I wqyld like to express my apprec1at10n to Professors
Maurice D. Weir and G.R. Blakley for theix detailed,
extensive and helpful comments and especmally to Professdr
Carroll O.. Wilde for his encouragement and meficulous .

consideration in improving this manuscript. N
. o
1.2 Tgrmlnglogz N _ « )

An ordinary linear differential equation of order n =
w1th constant coeff1c1ents has the general form:

o™ 1

’

(1) p(D)y & = ftt),

(0" * an-1 et azp + alD aghy’
whére each a. is a real constant, ahd a # 0. .The
functioen f(?? is called the ponhom Qgengggs pagt of the
différential equation. The ayx;l;ary or character ;§§;_
polynomia¥ assocxated with Eq. (1) is: .

(2 p() = nloy 244 :

an)‘ +an_1)\ + cee F Ay +an.toa
The zeros of}p(k) are” called the gigepnvalues or -

.characteristic roots of the given differentijal equation.

The general solution to the assoelated homogeneous
differential equation, p(D)y 0; is called the .
complementary or _5nguuxgggL§glgt;gn of Eq. (1), althouEh

1) at ali.
Any specific solutﬁon of Eq. (1) is called a particulay

", selutjon. .
&~ ) Z-AJ-HEJ_QHEL.M E T “QD N ',
2.1 Discussion of the Method -

The nonhomogeheous part of the first dlfferentlal -
equation listed, in the 1ntroduct10n, "

y" +y' = 10e?

)
= 10e?t. This observation suggests a multlple of
e as a solution s&nce derivatives of thls.exp nent1a1

function are also such multlples, so, try y = A& For .
this trial solutlon . . .
., 2. 2 -, .
. y" = 2°Ae t, T -
- -~ A ~
and so ' l ]
-y 4y = 2%ne?E ¢ ae?t o (2241 aelt = saelt,
T .7 .
’ 2
b . . @

0° . .

'
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\ Thus, wé/need A = 2, because y" +y =,5.¢ 2e2t = \10e,2t, as , . y = E‘(J;;' Keat . .
‘desired. . : ' BN Tt . ’ ’ T 2 ! l
-, Although this procedure yields the correct,results it is a partlcuIar solution to_the giyen equatlbn
. does not exp11C1t1y reveal a relatlonshlp between‘ithe final Proof:" To vetlfy ‘the proposed function ,
coefficient 2 -and the onq&nal poeff(fc,}qt 18. However, by )
try!ng the g,enezal expression _ . ‘ ' - ‘ . Ly p_(%xT Ke® ,~ . 3 ’ .
. . . - 2 ) X . ' ' - .
s . c, Y Ae 2 o < ,-first note that its firstwn derivatives are given by
’ as a.candldate for a parucular sol.utlon, a different light . i ‘. ‘ ‘\i ‘a't Y ’
is shed on- tbe p:oélem In thl$ case, = - . a, ol y = al _p_(nL—) Ka' e ", -/ "
. . . L - -,
] . ; < 2 M ) ‘ . . . * .
Ve . . = ¢“Ae” r ! . ( . where i = 152,:.0,n02 ., -«
. and so - LT . o . Then substitute y and its, deflvatlves _into the left- /
: . . " . ) hand side of the given equatlon and smpllfy. !
" .2, at aty _ 2 at
AY" +y =-a“Be,  + Ae 1.= (at+l) Ae r
. : N ) . S D)y = p(D —L_ ke
Note that 02 +1 = p(a),.where p(}) is the character\lstic _,p,( )Y = p(D) LP(G) :l
pelynomjial for the given dlfferentla'l equat;lon‘ so ‘the last | N . -
equation becohes \ R ) . . = ap" __l_ Ke“t] +a__ DM Lo Ke“t] .
. ‘ . n p(a) n-1 pla)
! (-} : ’ at . . * : ’
Y" +y = p(a) Re . . -
’ ’ ~ - N N ,+aD ——l—Keat]+a —L'Keat
Comparing this equation with the omginal equation, whlch € N (a) 0 p(a) ..
has the form ' o . ‘ ' . ' ," .o
" , - 1[ nat 1 n_l,gﬂ-»'/‘\
v ey = ke, S - . npla) KU gy K o
. wher®K =10, and a'= 2, we seekthat o ' . + a 1. oot koot
. . . . .. 1 pa) 0 p(a)
- Ple) A=K | - / e X .
. B J 7 % ,
. . . . N ‘ 1 at n n-1
'-(?t . i L a -7 ty 5p(a) Ke (a o + a ¢ + + al“.:' ‘?0)
. { : : - ’
! - { , .
. ) ——-l— - . .
R . A= K. . 1 at .
° a e =/ . . Y -
. p(a) o .- / . ) Ke p(a) i E .
'I‘huB, the particulan solutlon “has the form -« . at - .
: ‘¥ : ; . . = Ke . - ' . .
= Keat ¢ . . rd "
L, Y p(a) ° . ) Thus, if p(a) # 0, then the functlon . ) )
LJ..jl‘he.e:.eLis.aLm.tgm.enx_ﬁ_th_e_mﬂm_q /e . o oy o= & Ke“t@ _ <
. . This illustratio’r} leads to the first theorem, which- R - . .
generalizes the solutiop given above. Noté however, that . does 1ndeed satisfy the drfferentlal equation
é -
* . pla) cannot be 0. - I .
Iheorem 1: Let . p(D)y = Ke® : ‘
: FIDYy = Ke“t . , " ’ » Before proceeding, use this theorem to fipd particular
. ' ' . solutions to the -following differential eguatjons.
be a linear differential equation with constant - - s,
coefficients. Let p(A) be its characteristic polynomial. — . e
If pla) # 0, then the function , . .. _ Exercise 1. y" -y = -6e t :
. ) ' ) °. ) L] 1 VN f
® O 7 ’ 5 =g . 8 4

v . . , v . / B



; ~ - }
& - . *°
Exercige 2. 3y" + 4y - 2y =4t - .
’ F

O .

~Theorem 1 can be ektended to handle equatiens for
which_p(a) = 0. . , . b
Theorem 2: Consider‘;he same differep:i;l equation as in

\ Pheorem 1, - ) v .

.
. ’

p(D)y = Ke®F,

If p(a) = 0 and p'(a) # 0,'then‘the-funct1pn
/‘ N LC . !

] at )
Kte v .
P'(“) - ‘\ M

»

y=

is a particular solluition, More generally, 1f m is an .

1nteaer such that m £ n, (u)\ﬁ 0 and/ {m- )( ) = L
(aﬁ . pa) p(a) =.0, then the function -~
'. . ’. .
. y = (1m) Kt:meor.t .. ,
: P () . . N

is a particular_solution to the given equation.
Proof for the case,p(a) =Q, p'(a) #£90.

* We verify the groposed solution ag we did in Theorem
3+ by. substituting the function and its derivatives-into

the»orlglnal equation. We have

N !
3 . y = 1 at R v
A . 3Y = 3y pr(g) Rte v .
* and ) i " :
T : i A ooi-llat ¢, 1 i, at

aiD y = ai BT (%) Kia e "+ a! (%) Ka " te v

! » i i

. fori =1,2,...,n. ' .

Upon substitution of these expressions into the .
formula for p(D)y, .the r lting terms can be rearranged
1nto the two natural gr gups suggested by .the terms of each
a; Dt y. 'The two groups 'can be summed individually to yield

t

k

57 (%) kKe®® (a, + 2a0 + 3a302_+ .+ nanan 1,

:

p'{a) (pt(e)), / -

"“ —l_ gpeot 2,

B (a) §10+aa eee T a a’)

(p(a)). - T

~
“ L

. Since p(a) = 0, the overall sum for p(D)y reduces to

v i at, - - ut‘f ;- .
. P'(a) ke "(p'(a}) ' Ke'": 0 1 -
Therefore, the function . S e
ot 1 t .t ’ ' K
y = ™ (%) Kte R
- ~ ‘o , .
satisf;es the given equation,tand hence 1s-.a particular )
soluth ® -
e reason for the name "complex method" 1s that e
, ”heorems 1 and 2 remain valid when y 1s replaced by a
complex functldﬁ z of the form
z(t) = u(t) + i v(t) , -
- . . 3
and by a complex number of the fgrm a + ib, and K is ‘
alloved to represent a complex number. The derivative Of
the function z 1s defined by the natural relation :
' . r
z'(t) = u'(t; + 1 v'(t). o
- L4
.Uspng this definition and the Euler 1dent1py (see .,
Sectlon 3), we can show that complex exponentlal functlons
obey - the usual rule for real functions: . . >
3 e"’“b’t - (a+ib)eta*iblt . .

The proof is sffraightforward, involving only *
differentiation| of ﬁroducts of .real exponential and
trigonometric fRnctions, but we omit ‘the details here.
In Sectlon we-consider thé case in which all
functions and constants are real. Agpllcatlons of. Theorems
1 and 2 in the complex case-are given in Sectionm 3. 7

“

. ' :
Modify the proof given for the case p(®) = 0.apd p'(a) =
0 .to obtain a proof forethe case p'(a) = pla) = 0, p'{a) £ 0.
Compare your work with the outline of the proof fog the general case,

whxch is gmven 1n the Appendix/., N
!

2.3 Illustratjons /

Now consider some applications of Theorem 2. If Ke
is the nonhomogeneous part, calculate p(g), (o), R
P (q),l. . until the first;nonzero number izgdbtained.
Then find the appropriate Lolutioﬁ, as illustrated in the
following examples.

t

Example 1: .y"' - 7y" + KGY - 12y = s5e3t, .

~

pl
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- L3 * .« . -

’ . * . N * _v »
L4 . L3 v \': i *
: . T w *
. . The characteristic polynomial p(1) 1s given by:
“2 7 ey =23 =% s 160 m12.= 0-2)20-3) ,
] Vg Mo
. . with ~ . f ' :
- - . 3 o
. et =% - 1ax% 16 i * .
@nd . . * 1N . .,
* ’ * . - B S '
P"(4) = 61 -.14. : .
. r . e .
- sincel 5e3% = ke, we hav é K =25 2and a= 3.
Now p(3) =0 and p'13) = 8{9) - 14(3) + 16 = % # 8, so by
Theorem 2 the function
— = R 3t : \
. - y~\— 1p|(:§) 5te t@ s .
is+a pértiéuIai splution, - * .
! °; Ex.amel.é_z yot - Jy" +16y' - 12y = 5e2t
. " - ) - .. v
Using the same auxiliary polynomial; we, find that~ *
~ F) ., * .
P(2) =0, p'(2) =0, and p"2) =12 - 14 =52 / 0. .
- 4 N
Thus o ihe functlon T .
- . ' n 22t__ 2,2t _ 5.2 2t
? .. y_— " (2) $tce St%e” " = 2 e,
i N .
. is a part1Cu1ar solution. b
e v e, * .. Y. . .
s @ ﬁ!“
. Exercigse 4. I-‘x,nd a paruculqr sglutinn to each of the followmg E
differential equat1ons. . .
Ve "e -t , e . S A
.. a. y_-y—6e e ~, ‘ . A
.y Sy' d By = se >t . N
T . T s S .3t . R
NG TSy gy = se K . L
d. y" - yu z 2e . ', P X : ’ .
e. y"" R y 5 2. . ? . . - . - ¥
m:gig_e_j_.’ Construct™ a 11near dlfferenual equatwn with constant
c'oefficients such that= - =
~ A\l 2 3t -. ' » ) ,
i S NETET T T T
* ‘-'\. o’ . i -« I3
is ac«articylar *solution, ‘(Hifiy: use prop’ues of characterisfic
. s e .
polynomials.) - i 5
- “ . . -
L . 1 4
o _ l —
* ., - "". ” K .e M g:

-

v°*

o

EN J M
N K cos 8t, K sin Bt
v‘- °‘ . .
3.1 EBuler's Jdentity - N
T T . a. -
The Lonplex method can be applied to find a particular
.solutuon when the nonhomogencouu part of tMe given - . .
".differeptial -equation 1s erther X cos 8t or K.sin gt. By ‘
Efiler't 1dentity, ' o - A R
&ele = cos & + 1 Ein 8. S Ta
. ) ‘ <
we have . A - o . . .
3 t . . . <
N Kelkt = K cos*8ts+ 1 (K:san 8t) . ¢
» ‘ .. \
Sincé K <os Bt 1s the-real part and X sin 8t the imaginary - P!

-1dent1ty. « . . . - _‘- .
o -Ekhhﬁlﬁ_lz‘ y' 41y = 3 cos 2t. r ° - v ' P
HEré K = 3 ‘and B = 2,50 we form the" corrggbondlng complex ooy,
d1fferent1a1 equatlon e L T -

gt vz 3e12t’ T . v
+ Vo2 ~ :
+and solve it by -appkying Theorem 1. y fotation of
Theorem 1, we have K = 3, a*— 32, ahd p(k) A* +'1. Thus '
-t P(ﬂ) P(12) = (}?)- = -4 +1 = :g, L e
So by TheOrem 1, } R !
N . . '
. % . Pl
z = L .3e12t = .o~ -
., -3 ‘ = N ,.«'_ [}
XY N b M .
is a solution to the.complex equation we formed. Reywrité
this solution using Euler's identity: : -

part of Ke 18

', this eyponentlal form can be usgd as a first’,

step to thaln a complex function (one of the gorm u (t) 0
Ly (t)). Then the real'part vi{t) of this function is a -
partlcular solution to the original differential equation

1f K cos £t 1s the nonhomogeneous part of the given - ‘

equation, and the imaginary part V1 (t)

1s a particular

sollition if K sin Bt 1s the glven nonhomogeneous part.,

.

t ng F r

10

- T

The follow1ng exampies demonste;te this use of su1$¥ s

_oi2t

Slnce the nonhomogeneous part “of the glven dlfferentlai

-cos 2t - i sin 2t,

- .
.
.

equatlon is 3 cos 2t, the real.part of thé expression for

_e12t

is taken as the solutlon of the given equation

=

. A




‘.

y

“~

y = -cos 2t.

.
(On_ the-other hand, had the nonhomogeneous part been
3 sin 2t, the solution would have béen y = -sin 2t.)
To see why this use of Euler's identity is valid, note
that we are starting with a differential equat;on of the
form .

a

-

u(t)
p(DJy = or
vit)

where u(t) = K cos 8t ard v(t) K sin Bgt.
the associated complex dlfferent!al equation
. , . 3
p(D) z = u(t) + i v(t). .

-

We -then form

This equation may be solved using the complex method of
Section 2 because
L

. u(t) + i v(t) = K cos B8t + i K sin 8t = Ke
A2

and because Theorems 1 and 2 remain valid when a répresents
any compleX number. So-if z. is a‘ complex functidn that 1s
a solution of the associated comple'x equation, then

0]

P(D)zy u(ty + i v(t). _ .

If z, = ul(t) + i vl(t), then the linearity .allows us to
write ' ~

P(D)zy = P(D)u; + i p(D)v, .

“:. By first equating these two expressions for p(D)z, and then

-equation, we obtain

O

ERIC
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equating the real and imaginary parts of the resulting

p(dYu, = u(t)

and . . . .

v(é)g & ce
Thus, the final step is,to take as our solution éither the
real or the imaginary part of the sdiutlon function f; Z,
whichever is appropriate.

The use of Theorem 2 is illustrated in the follow1ng
example. ! . s -

E&nglﬁ_iz

This equation is 51m11az to the equation 1n;ﬁ§amp1e 3, and
the first step is tO‘form the correspondlngﬁEOmplex
equatlon i’ - -

p(D) vy

- ~"

y"# y.= 3 cos't. © ! . R

-l

W
1]
\

'

» - ’ . ] N -
T 2"+ z = 3elt,
“r

In the notation of Theorems 1 and 2 we have a = i. Since

p(i)”: i2+1=-14+1 =0,

LX g .
. we must use Pheerem 2, with p'(}2) = 2X., Then
- P'(i) = 21, -
. .
and PN
¢
it ,
z = 2te 1 _ 2 it

3, 3o
= -3 1t ToS t + 2/t sin t.

&
2

Thus, the solutlon in y is the real part of z, namely,

¥
-

N y = % t san t.

In the next example we show how to handlé equations
for which p(a) is strictly complex, 1.e.,. of the form a +
bi, where a # 0 and-b # 0.

: Example 5: y"' -'y* = sin t.

3

Here K = 1, - Az, and we-form the comple

8 =1, p(x) = A
differential equation
) z"' - 2" = elt. . ¢ -
Then a = i, and
pla) = p(i) = i -i2 = -i +1,
s . Y
‘ ’ .
AY .
_J__ elt.

T 1-i

v

To use Euler's identity we must first rationalize the
denominator as follows: ° - !

A+i) 1 it

a4 2= 0+ 1-1 %,
_ 14i eit '
D S - -
L it G it
= e + e B -
. 2 = 2 .
» 1 1. . .o i
= (ycost + i sint) + (2 cos t +73 i sin ¢)
* . . K
) - b4
, &

X




0 N . 1 d
: ’ . . .
~ g .
- ’ - N o . > ? R a
e Vo= (* cos t’- } sin t) # i.(k‘CQ§nt~t_% sin-t) oo 0. o z = %:%I e(2+1)t . .
r ra 'y —= o . = o - . .

- . ’ v
The imaginary-part of z yields a particular solution to the

“given equatiodn: - .
, X =L + L g . .
. N Yy =73 cos t +.2 sin t.
£ : _ L.

Exercise 6. Convert each of the following e}cprestns to the form _
u(t) + i vie).

a. -S5e 7" . - )
— 3+41 . . N .
- b. 21t . . ’ . -
: ) 41 . .

. Exercigse 7. Find a particular solution to €ach of the following

differential equations. Ce \
., a. y":2y'+y=35 sin 2t ’
) bo y" - 2y' +y =3 cos 2t :
c. y"+ 4y = cos 2t. , s g
.

If the nonhomogeneous gart of the given equation 1s
the form Ke®" cos Bt or Ke®  sin Bt, we also can find a
particular selution using the complex method. Note that 4

at ate-lst - Ke(a +1&)t.

of

Kemt cos Bt + iKe sin Bt = Ke

W\
Thus, Ke(xt cos Rt

_ i's the ?eal part and Ke®® sin 8t the
imaginary part of

the complex function Kg(°+ VY. The

following example

illustrates the way we can use this

observation by building on our previous technique.

’ Example 6: y" -y £ e?fcos t. ° .
Here p(r) =‘A%.j 1, o - 2, 8=1, and K = 1. We First form
‘the complex eguation . -
) ' ) zn : z =°e(2+i)t . .
We'h&ve ’ . , . .
a p(2+1) = (2+41)2 -1 = (4+4i-1) -1 = 2 + 4i ,

. ) ‘o,
from which we obtain the complex solution

Y

O

-ERIC

s .

¢

15

v

.

4

-

Now express z in terms of its real and imaginary parts by
first rationalizing the demoninator ang then applying
Fuler's identity:

!

¢

. -~
3 = ——l— .2:.4_1 e(2+l)t
2+41 2-41 -
v - ~ b}
) s 2+1)t
L (p-ajre(2¥1)t - ~ .
' 20 . .
2t . e . . .
= &5 (1-21)(¢os t + i sint) - =
. ' .o 7 >
. 2t ’ .
= QTE (cos t +°i sin t - 21 cos t + 2 sin t)
_ L o2t . A2t . .
= (5 € sin t + 10 e cos t)
N \ + 1 (—% eZt cos t + 2t sin tJ},
Since the real part 1s desired, we have s
P .
= & o2t .o + L g2t
y 5 € sin t 1o © cos t. )
Exercise 8. Find a particular solution tg each of the following v
differential equations:
, <
a. y" --y = e% sin 2t o
b. y"' 4+ 2y' - 4y = et cos t
. Yy o+ 2y = et sint. :
Exercise 9. Consider the.tequation '
any(n),; a (n-1) +’ e * aly' *agy =K, . R

where K is a constant.a Use Theorems 1 and 2 to show that for some

integer m such that 0 < m < n we have : %
% .

>3 =8 T oie=a ; =0and am/=0{'

and the function . > /
LY N
m . . .
. y = Rt
Y7 nta . o, ¢
n .

-
is a particular solution of the ‘given equation.

\ ) R
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Al

. . the nonhomogeneous part as of the form

¥ .

.

EY

“ .t . m
£(t) = Z Kjfj(t):a

&

-

where K, is a constanty and f.(t) -is a function to which

the @etgod alreidy applies. %xamples include )
et'+'; cos't - 2t

2t - 3 sin.4t++ cos 2t .

sin 3t .

2 + e

. ‘ ~ - '
N . This extension 1s a direct consequence of the
£following general result, which is often called the
"superposition principle”. )

. Theorem 3: If y, is a solution to the differential
. equation ‘- S .
* “ - h -~ -
’ .,

p(Dyy = £(t), R ‘

Y, is ‘a solution to the equation

- P(D)y ="g{t),

and a andyb are gonstdnts, t
.golution to the equatjon

. p(D)y = af(t) -
Proof: By linearity of differenty
[ ) p(D) (ay, + by,) = ap(D)y, * bp(D)y,

But ‘by Hypothesis, '

p(D)y, = £(t) and‘p(n)yz' = g(t) .

Hence,

L]

\

p(D)(.ay1 + byzf = af(t) + bg(t) ,

Our final extension of the comblex method obtains wh%n

which means that}ay1 + by2 satisfies the required equa%ion.

k.3 -

Example J:

»
Note that

v

y™ - y" = 3e¥ + sin t.,

p(y =23 -2, proy =32 -,

a) First find a particular solution to the equation

)
v 1:
'y

RIC - 7 . )

13

-t

With ..
. . ) .. 2 *
Ry 33 -bl--" prilad =221,
we have . ) -
. .
y, = % tgt = 3tet. 8

’ .

b) Next,find a particular solution to the equation

»

¥, =

1]
y"'~- y" = sin t .

1"
5

l'COSt+

2 sin F

c) Then superpgse the solutions from a) and b):

This equatién was .solved in Example 4, and we have

9 =y ty, ¢t 3tef +®% cos t + % sin t
. g
Example 8: y"' -6y" +11y' - 6y = -7e2% + 2e3% sin €.
We have ~ - ' ) _" ’
, E\d) =3 oem?iin -6
and . L )
' p'(x) = 3x2.— 124 + 11 -
a) -Consider . ' o
: y"' - 6y" - 11y' - 6y = -7e?",
Sinc@ o ; E R
-Kl = -7, a=2,p(2) =0, and p'(2) = -1,
Qé have ‘ ’\\\
y, = f% tezt‘= 7te%t.
b) Next, let .
é"? - 62" +-11z' - 6z = ie(3+i)t. ) .
Since )
Ky =2, o =3 +4, and p(3+i) =i -3,
we/have .
/ g o= 2 e(3+i»)t o2 () (3+i)e
P i-3 {i=-3) (i+3),
. 153

‘

14




&

. 4 = (—lg i, - %) (e3t cos tr + i e3t sin t)
T ;“(:% &3t cos ﬁ";l- %vé3t>§inmt). i ’
‘ - .
h +1i (—L e3t cost-;ie3t sin t).
L 5 5
Thus, ° *
’ s o L .3t 3 3t ¢ - ‘
. ¥, = g ¢© cos t .5 ¢© ,,,s”' t.
A
c} By superposition, , .
N ]
R P _ou02t 1 3t 3 .3t
y-y1+y277te_ 5e,gqst 5e smlt.
] of,

%

- Bxercise 10. Find a par;_icul_ar solution to each of Qhe following

., differential. equations.

a oyt - sy e ey =seteset
b. y"- 23" +y =5 sin 2t - 3eb a
co Y™ - 9yM w27yt - 27y = 4630 4 o cos(-t) 5 A
4. ;,(4) +8y™ + 16 = -sin t + cos 2t + el;
. .
. ’ T e

5. UNIT EXAM

.

Find*a particular solution to. each of the following

dfffe_rential equations:. -
b .. y" +'16y = sin 4t :
m. y" - 4y' + 5y = 3 sin t .
3. y" - 3y' 494y = cos 2t + 374t - .
4 Ty - yn= '
: 5. y" +2y' - 3y = Ze%?t sin 4t
6. Yyt - eyt - 12y = :ae'Y2t - 5 cos 3t
6. ANSWERS TO EXERCISES —
1. p(V = x2 -1, K=-6,0a=2. ., V!
Thus, -t (

1 p(a) =
and so

O « :

EMC T , 1;} A ) ‘.

15

- N 4 N
* S . © °
N T Yl T ’
LARYTS) 3 ' .
2. K =4, a =-1, p(-1), =,-3; .
t ’ - * «
: -t - J
y = 48— ' : .7
‘3 . ‘e
. - N .
b.a. K =6,a=-1,p(-1) =0, p'(-1) = -2; .
’ -t t ) . e
y = §.Le__2 = -3te .. - - ,
’ \.- B sl . PR 9'
’ b. K =5, a=-3, p(d) =)\2-5)\+6, c: Q .
‘ st 1 3 .
so p(a) = p{=3) = 30 and y = = >e ", .
30 T § .
. c. p(3)"= 0, and p'(3) =1,
z . .
- 3t
SOy = .534;__ = _‘;te3e. ’ .
L] . .
du  y = 2tet . ] : :
\ 1]
e. y = -i2 | v s

. 5. We compare the given expression with :the general form

. 2 ot ,
. kezeXC .

. p"(a) . .

, " Bi Theorem 2, with @ = 3 and m = 2, we see that p(A) = (>\-3)2 is

a reasonable choice for the characteristic polynomial. Then,
. - p™A) =2, and so K = 1/4. Thus, the given function 1s a
solution of the equation y" - 6y* + 9y = 1/4 St .’ .
o ® ,
=3 _4& . - 3.
6.a. 5 cos 2t § sin 2t) + i (S cosn2t 5 sin 2t) ’
B Ly gin 2t « i (<L ¢ cos 20). ) '
4 R H
- p 4
" t - 2it . .
7.a. Solve z'" - 2z' + z = Se to obtain -

o 3
=5, 52t Ssxnu—.

~
-2 - :
. b. y = 25 cos 2t 25 sin 2t
c. y= % t sin 2t. . ’
A
8.2 p) =al-1. PN
. . . L . i

& ]
16




“ P .. * ‘ . R 3 A .
. . g .i X . \ * A ;
. . | P - " - - _ . » -
* Solve 2" - z = L2ile, : ' ) . y) = ‘(‘,; e #t and y, = seet - ‘
'K:]_,O.:lﬁi,()and . o 4 ) -3 1‘ )
¢ , 2 - . - L . b.$y=5c052t-ssm2t 3 . DR - v
- wp(l42i) = (1+421)° - i e } v
. =4i=-3-1 * .00 ! c. y‘=§t e“'-“l:el‘t cos(~t) -“l:el,‘t sin(-t). S . -t
' ' ! * . . ) . . * i
=41 - 4, e " T o
. e ’ 1 1 .2 A ¢
d:, = - '
e .+ Thus, R , . y 9 sin t 32 t™ cos 2t + 75 e
[N ' ¢ , .
' .- i(l.,+21,)t i e(l+21.)t (itl) . . . W T 1 t .
4i-4 7 a(i=1)  (iv1) | . ~ e, 1 .
. , R ! 5.1 y =3t cos 4t.
- (1430t (i+1) . . . X . _ ' .
" . -8 ' P ' R e = , . . 5 o~
K . . . ) ) :§.2 ¥ -scost+8,sm,t. L . ‘
. 1t 1t . - :
= =% e cos 2t + ° e sim 2t ‘ - . . L
'8 \ RN L . _ ‘.
- 8. ! . ~ - 5.3 y=“‘6‘ sin 20-3%e4t. - .
+ 1 (-‘L el cos 2t - L et sin '2t)J ‘ * \ ; ~ -
’ ! 8 . 8 N »
‘ . 5.4/.y = -2 ¢ ‘
We have 4 2RI T .
Lt 1t s :
=, cos 2t - 2t. . ., - -
. y=.g¢€ s ) g & sin . N ?.5 y' Tb“ 3t cos 4t - Té‘ e sin’ 4t.
be Gb l . ¢ -t » . ) ”~ ]
. b, y=sge  sint-jge "cost - R 5 . _3_ o2 -2t . -
. . 5.6 y 1013 cos ?t+1014 sin 3: . ——
° c. ; =--‘}" et cos t. . - . , . P - ‘ 8, BEEENQIX \ -
. 9. Note'that K = KeOt. so let & = 0 in Theorem 2. lAn application of Qutliné of the proof’of Theorem 2 for the general ‘case * 0' :
. v e s . : ) - v
) TheoreT 2 thesl yx'elds the solution ‘. . . .p(m)(a) £t 0y p(/'ﬂl)(’a) = ve. = p'a) =pla) =0, 1 <m<n.
. i . . - - . -
: g = K:mgOt _ K™ _ i Lo ‘ - We wish to verify that O ‘.
- R = = . . . . . *
L p(m)(O) p(m)(O) ) & * Y 2 o) -kt ; ' T '
o ) - _ L ) - (m }
i o ie 20 £0, and pP(0) =0 5Ll = 10 = plO). , p ™ (e
° since q(0) is the constant term for any polynomial q(t), the | . 18 a particular solution of.the given equation.,In a manner similar
\ condition on the value,s at 0 forces a. 150 = . ='aI = a,. to the way in which we proved Theorem 2, wesbegin by finding the )
) H& e - . - <. . . -~
. . Thus, p(}) ta Ay a Xn-l + ...+ a @, and hence the : Lot o flf‘sa_ln de:.-xvatxvet.s of y f(u.' subsequent substitution into the
- (k )P .m .t . . - original differential equation. In these expressionms,
. constant term of p° (X) is 0, for 0 ‘ku< m, and the constant o .
7 temof ™) = wm1)(@2) ... (2(Da =) a,. Therefore; * - W ,
m E ; .. denotes the binomial coefficient ‘ .
Y 4 ' ~ e,
¥ " mia_° -7 . ~
, - \ —_—n> . t
o - . s\ . Kt(n-k) ° ' ‘ g
WHALIAM AL L L e, * ‘- . “'u * ’ i ~
160, vy =L Bt st ) SRR . :
. N v ‘ ’ r:;“ ~
since s . PR . Yo . ‘
i . Y S —~ 93
k4 y ) N - . : - ' bt ot
8 N 17 . ' * » :
FRIC. <1 - o - * 1
- . . . PRt . . . s §
c . . - - A -
. . b < e " KR - “ .
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}
. . " [ ,
e, R . -] ~
i3 h - o
- e 2
. s 7 . [y
agy.. = s Yoo I L e kt"e*5(a,)
0 (m) (]
. o p (a)
a,Dy = -(;); 1((;’)tm 1 “t(al) + —(—m‘;— Kt"e® (“1")
. p(a) p  (a) «
a, %y ‘\(_m])_- R(D™ e (2a,) + = x( D Le*t(2a,9)
p (a} p o (a)
. 3 + ﬁ‘;—_ Ktmeat(a a )
- .. . -p (o)
L. C -
- e - ° . . .
. - : T
T %?\V ‘' ) .
a Dny = —d Kea‘E'—‘u— a ané\ﬁ s .
n (m) (n-m) !“n i .
P ( .-\‘ » ' . A
+ —‘l—”—(m) K z)cm 2eutn(n-l.,)a a2 -
p(a) - , .
4 - . »
3 n‘}— K(;’)t le“tna ol E‘}- Ktmeat(a a .
- p (a) p - (G) s
N ~ M
Substituting these derwatxves into the-soriginal equation and
fearranging into natural groups, we oBtain
T 1 et () 1 . my, at, (a-1) '
™) Ke (p' " (a)) + @ K(m_l)te@p (a)) .
. opo(a) P () .
4 - - . -
’ el T]— k(D) €222 (pM(a))
m) 2
p(a)
+ o k(P! S pra)) T
(m) L
° P (a)
+ E)L Ktwn—)-) . - .
p ,(a) ) -
Since the first term is K'e ‘a;ld the rest are all 0: the proposed
soluuon is verified. ! L
et ’ - -
» » a .
: ’ 0
o o k3.
> * - ' : e.
» ! Q
]
. . N

b,
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o . o Return to:
I _ STUDENT FORM 1 N . EDC/UMAP
\'ﬁ”“”"”'vzu . . . - 55 Chapel St,
Request for:Help Newton, MA 02160

7 ~ N

Student: If you haxe trouble with a specific part of this unit, please £111
out this form and take it to your instructor for assistance. The informifion
you give will ‘help the author to revise the unit..

a

(Your Name - ‘ . Unit No.

Page ’ . . ] Model E 2
—_— . Secti odel Exam ,
O vupper | ctiony _ Problem No.;

OMiddle |~ - Paragraph. ’ | Text
) ‘ " Problem No.

O Lower | ‘ . N

Description of Difficulty: - (Please be specific)

.

®

.
.
.
. . /
] ~ - . .

." . . f . I o
Instructor: Please indicate your refolution of the difficulty in this box.

(::) Corrected errots in materials. List ‘corrections fere: .

v

\-

(::) Gave sxudent better explanation,, example, or procedure than in unit.
Give brief outline ‘of your addition here.' - .

~ o
.
\

3

Assisted student in acquiring general learning and . problem—solving
"skills (d6t using examples from this unit.).

<. »

Instructor s Signature g

~41
Please use reve%%e if necessary.
I .
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' STUDENT FORM 2

Return to:
« EDC/UMAP

WI’

Minit Questionnaire

35 Chape; St.
Newton, MA 02160

£ Appropriate amount of detail,

Name Unit No. Date
Institution Course No.
Caeck the choice for each questidn that comes closest to ypdr P onal opiaion. e .
1. How useful was the amount of detail in the unit? : :
© ___Not enough detsgil to- understand the unit - ‘ N

___Unit wauld have been clearer with more detail
Unit was occasionally too detailed, but this was not distracting‘ Coe ’i
Too much detail; I was often distracted ° . . |

4

N ] ) l‘

‘. < >

. 2. How helpful were’the problem answers? . “ e .

Sample solutions were too brief; I could not do the intermediate steps‘
Sufficient information was given to solve the problems -
Sample solutions were too detailed; J didn't need them

-~

/‘\
3. Except for fulfilling the prerequisites, how much did you use other sources (for
example, instructor, friends,-or other books) in order to understand the unit?

A Little

]

A Lot Somewhat Not at all | :
4. How long was this unit in,comparison to the amount of time youigenerally spend, on
a lesson (lecture and homework assignment) in a typical math or science course?

Somewhat Much

Much - . Somewhat About ;
‘SHorter Shorter *

Longer Longer - the Same

5. Were any of the following parts of the unit confusing or distracting? (Check

as many as apply.) ~ . .
Prerequisites ) . -~
__ Statement of skills and concepts (objectives) = :
Paragraph headings. .
Examples N :
Special Assistance Supplement (if present) - )
___ Other, please explain_ <5ﬂ
6. Were any of the following parts of the unit particularly” helpful"(Checﬁ\as many
.as apply.). . s S
Prerequisites - . vy
. "~ _Statement of skills and éoncepts (objectives) : s -t
! Examples o y
Problems T & '
. . Paragraph headings )
.% .7 Table of Contents ce e T
Special Assistance Supplement (if present) : » !
Other, please explain _ - _ . L e .
Please describe anything in.the upit‘that you did\npt particularly like. ; )
. ’4 . - . ] ‘. N ~ ' / . ’
- o ¥ ..-' b ' % * - ’ v v »

.

Please describé’anything that you fﬁuni}particularly helpful Qlease use the back of
this sheet if you need more space.) )

;
-7
('




